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ed here.
(Merton, 1972), their dominant or non-dominant arms (Raibert, 1977;
Wright, 1990), and even using pens attached to their feet or held in their
teeth (Raibert, 1977). Motor equivalence is seen in a wide variety of human
behaviors, including handwriting, reaching (e.g., Cruse, Brüwer, and Dean,
1993), and speaking (e.g., Abbs and Gracco, 1984; Lindblom, Lubker, and
Gay, 1979; Savariaux, Perrier, and Orliaguet, 1995), and in a wide variety
of species, including turtles (Stein, Mortin, and Robertson, 1986) and frogs
(Berkinblit, Gelfand, and Feldman, 1986). The ubiquity of motor equiva-
lence is no doubt the evolutionary result of its utility: animals capable of
using different motor means to carry out a task under different environ-
mental conditions have a tremendous advantage over those that cannot.

This chapter describes self-organizing neural network models that
address a subset of motor equivalent behavior: the ability to use redundant
degrees of freedom to compensate for temporary constraints on the effec-
tors while producing movement trajectories to targets. For example, people
normally use jaw movements during speech, but they can also produce rec-
ognizable speech with a pipe clenched in their teeth by increasing lip and
tongue movements to compensate for the fixed jaw. The models described
here stressautomatic compensation; i.e.:

• they successfully compensate for constraints on the effectors even if the
constraints have never before been experienced,

• they do not require any new learning under the constraining conditions,
and

• they do not invoke special control strategies to deal with constraints.

This kind of automatic compensation can greatly reduce the computational
requirments of movement planning, potentially freeing up cognitive
resources for more important or more difficult tasks. Finally, because these
models are self-organizing neural networks whose parameters are tuned
during an action-perception cycle, they also require no explicit knowledge
about the physical geometry of the effector system being controlled.

In order to highlight the main hypotheses underlying these models, it is
useful to consider a simplified view of the movement control process
wherein movement trajectories are planned within some reference frame,
and these trajectories are mapped into a second reference frame that relates
closely to the effector or articulator system that carries out the move-
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that humans use a limited range of the possible postures for reaching a
given target. It is shown that a certain class of these models that incorpo-
rate a form of “postural relaxation” can indeed capture the main aspects of
the reaching data. This class of models is compared to a similar proposal
by Cruse and colleagues (e.g., Cruse, Brüwer, and Dean, 1993). In
Section 5, a neural network model that utilizes postural relaxation is intro-
duced, and simulations are presented to highlight some of the important
properties possessed by this type of model. The model suggests two
sources that might contribute to curvature in human reaches: (i) a learning
bias toward the long axis of the manipulability ellipsoid, and (ii) a ten-
dency to move toward more comfortable postures.

The discussion in this chapter is closely related to the DIRECT model
of targeted reaching (Bullock, Grossberg, and Guenther, 1993; Guenther,
1992) and the DIVA model of speech production (Guenther, 1994,
1995a,b). Detailed descriptions of these models, including hypothesized
roles of task space feedback, tactile/proprioceptive feedback, and efference
copies of outflow commands during both learning and performance, can be
found in the cited publications. This chapter will focus on the inverse kine-
matics transformation performed by these models. The main properties of
this transformation are captured by the simplified block diagram shown in
Figure 1. Task space targets (e.g., the location of a target in 3-D coordi-
nates for reaching) are compared to the current position of the end effector
in task space to produce a desired movement direction . This is then
transformed into a desired movement direction in joint space through a
learned directional mapping. This neural network mapping can be tuned
during a babbling cycle, and, after learning, it approximates a generalized
inverse of the Jacobian matrix relating joint space velocities to task space
velocities. Externally imposed constraints or perturbations may interfere
with commanded joint rotations as indicated in the block diagram. A sec-
ond neural network mapping transforms the current joint space position
back into task space coordinates. Learned mappings of this form have been
called “forward models” (Jordan, 1990; Jordan and Rumelhart, 1992). The
primary role of the forward model in the DIRECT and DIVA models is to
allow planning of movement trajectories without requiring task space feed-
back. This differs from the role played by the forward model in Jordan
(1990) and Jordan and Rumelhart (1992), where it is used to transform task
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acoustic trajectories (Bailly, Laboissière,
95b; Perkell et al., 1993) and maps these
r/effector space movements in a manner
ation for externally imposed constraints
, then the complexity of the movement
ed since the constraints can be largely
These characteristics of the hand trajectory appeared to be invariant across
different movements in different regions of the workspace. In contrast, the
temporal patterns of joint angles did not follow straight lines in joint space,
often exhibited double-peaked velocity profiles, and occasionally even
exhibited joint reversals.

Although the results of Morasso (1981) are usually taken as strong evi-
dence for spatial planning, several investigators have pointed out that end-
point trajectories are not completely straight but are instead gently curved
in many parts of the workspace, particularly in the sagittal plane (e.g., Hol-
lerbach, Moore, and Atkeson, 1986). This might appear to be evidence for
joint space trajectory planning, but the curvature seen in these movements
is insufficient to support simple joint space interpolation, which would lead
to much larger curvature. To account for this, Hollerbach, Atkeson, and
Moore (1986) proposed a modification to joint space interpolation, which
they termed “staggered joint interpolation”, in which different joints begin
moving at different times in order to produce straighter trajectories. How-
ever, this model cannot account for the joint reversals seen in the study of
Morasso (1981). Uno, Kawato, and Suzuki (1989) proposed a model based
on the minimization of the torque change along the trajectory. According
to this minimum torque model, curvatures is an inherent side effect of a
control strategy which controls joints instead of hand trajectories.
Although this model provides one possible explanation for much of the
curvature seen in reaches, a study by Wolpert, Ghahramani, and Jordan
(1995) showed that increasing perceived curvature of movements through
altered visual feedback caused subjects to change their movements to pro-
duce visually straighter hand paths, at odds with non-spatial planning mod-
els such as the minimum torque change model.

Another group of researchers has tried to explain the curvature of
human reaches under the assumption of spatial trajectory planning. For
example, Wolpert, Ghahramani, and Jordan (1994) demonstrated that some
of the curvature of hand trajectories can be attributed to perceptual distor-
tion. I.e., in some parts of the workspace, a curved reach appears straighter
than it actually is. However, perceptual distortion alone did not appear to
be sufficient to fully account for the curvature of reaches in this study.
Flash (1989) suggested that curvature arises as the result of interactions
between the viscoelastic properties of muscles and the inertial properties of
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3    Directional mappings

Trajectories planned in task space must still be carried out by articulator or
effector movements. One possibility is to use a position-to-position map-
ping from task space to effector space; e.g., each point in 3-D space can be
mapped to a joint configuration that is satisfactory for this point. Another
possibility is to use a directional mapping from desired movement direc-
tions in task space into movement directions in effector space (e.g., joint
rotations). The DIRECT and DIVA models use the latter form of mapping
because it provides the automatic compensation for externally imposed
constraints on effector motion motivated in the previous section and
described below.

The use of a directional mapping for movement control is closely
related to robotic controllers that utilize a generalized inverse of the Jaco-
bian matrix4 (e.g., Baillieul, Hollerbach, and Brockett, 1984; Hollerbach
and Suh, 1985; Klein and Huang, 1983; Liégeois, 1977; Mussa-Ivaldi and
Hogan, 1991; Whitney, 1969). The relationship between spatial velocity of
the end effector and the joint velocities of a manipulator such as an arm is
given by the following equation:

(1)

where is the spatial velocity vector of the hand, is the joint velocity
vector, and is the manipulator’s Jacobian matrix, whose elements
depend only on the joint configuration . To obtain a joint rotation vector
that moves the hand at a desired spatial velocity, we can rearrange this
equation:

(2)

where is an inverse of the J
ulator, a unique inverse for does
ized inverse, or pseudoinverse,
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Directional mappings as discus
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3.1     Motor equivalence
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3. This is not to say that path planning always takes place in a purely spatial coordinate
frame without regard to arm geometry and constraints. For example, studies by Dean and
Brüwer (1994) and Sabes, Wolpert, and Jordan (in preparation) show that the geometry of
the arm is taken into consideration when planning trajectories around obstacles.
4. An interesting treatment of a class of models that utilize the transpose of the Jacobian
matrix, rather than a generalized inverse, is provided by Mussa Ivaldi, Morasso, and Zac-
caria (1988).
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(3)
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n the network, and are the
of the manipulability ellipsoid,

rt--- 2 φdesired φellipsoid–( )[ ]sin

l long lshort
φdesired
explanation for one form of motor equivalence. Simulations verifying the
abilities of the DIRECT and DIVA models to overcome errors in the direc-
tional mapping due to shifting of the visual field, joint blockage, and
blockage of one or more speech articulators are provided elsewhere (Bul-
lock, Grossberg, and Guenther, 1993; Guenther, 1992, 1994, 1995a,b).
Second, it implies that even a coarsely learned directional mapping, such
as that possessed by an infant in the early months of life, can be used to
reach objects or produce speech sounds, although with imperfect move-
ment trajectories. Finally, it shows how error correction capabilities can
automatically arise from the same mechanism used to control normal
movements, unlike a controller that aims for postural targets and must
somehow choose a new postural target if the normal target is inaccurate or
unreachable due to external constraints.

3.2     Learning issues

Several interesting issues arise w
can learn a directional mapping be
tor coordinates. One such issue co
class of models in which the amou
movement is scaled by the size of
Models that possess this property
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function network (Cameron, 1995
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Figure 2: Robustness to error in the directional mapping for targeted
movements. Here a 30o error in the mapping causes the actual trajectory to
veer from the desired straight-line trajectory. The desired task space
movement direction at each point along the trajectory is indicated by the
dashed arrows. As the actual trajectory moves further away from the
desired trajectory, the task space direction vector points more and more
downward to counteract this error in movement direction, allowing the
system to “steer in” toward the target. As long as the directional mapping
is off by less than 90o, the target will be successfully reached.
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to provide some insight into the general
an a precise characterization.
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re warped toward the long axis of the
is the desired spatial movement direction, is the spatial movement
direction after warping by the directional mapping, and is the
spatial direction of the long axis of the manipulability ellipsoid. A polar
plot of the residual error as a function of movement direction for a radial
basis function network is plotted in Figure 4 along with the manipulability
ellipsoid at the corresponding joint configuration. As suggested by
Equation 3, the error is roughly zero for desired movements along the long
and short axes of the ellipsoid, and it reaches maxima for desired move-
ment directions falling halfway between the long and short axes. Although
the network’s error function at different joint configurations usually took a
form similar to that shown in Figure 4, there were significant deviations
from this form in some regions of workspace, emphasizing that Equation 3

is only an approximation used here
form of the residual error rather th
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Figure 3: The spatial velocity vectors produced by unit vectors in joint
velocity space take the form of amanipulability ellipsoid(Yoshikawa,
1985). Spatial movements along the long axis of the ellipsoid require less
joint rotation than movements along the short axis. The shape and
orientation of the ellipsoid vary with joint configuration.
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on that does not align with the long axis
e long axis by the directional mapping,
y scaling with the ratio of the long axis
us learns movements that are largely
llipsoid and therefore require relatively
5) provides a demonstration of the
kind of network at workspace singulari-

iasing movements toward the long axis
reduction in the amount of total joint

t. A simulation was run to compare the
o follow the gently curved hand paths
paths. In both cases, the MP pseudoin-
ovement path into joint rotations, and the
ared joint increments was calculated at
80 randomly chosen targets. The gently
n 3 required 13.9% less total joint rota-
ount of rotation saved by the neural net-

r, varied significantly with the exact
f training.
be addressed here are related to poten-

e” learning techniques pointed out by
irect inverse learning approach is one in
enerated in effector space (typically ran-
ystem learns a mapping from the task
vements to the movement commands that
g can later be used to command effector
k space goals. The DIRECT and DIVA
erse learning scheme.
y Jordan and Rumelhart (1992) is that
not “goal-directed”; i.e., it is not sensi-

nd there is therefore no direct way to find
rticular desired sensation. The validity of
e generalization properties of the direct

ple, in the direct inverse model described
eralizes to all spatial directions at each
long axis of the manipulability ellipsoid produce more spatial displace-
ment of the end effector than movements in other directions. More learning
on average will thus occur for movements along the long axis of the ellip-
soid in systems where the amount of learning is larger during larger spatial
displacements of the end effector. If the error does not converge to zero due
to too few cells or too little training in a neural network learning the direc-
tional mapping, then one would expect the learning to be biased toward the
joint rotation patterns that caused the most learning; i.e., those producing
movements along the long axis of the ellipsoid. This intuition suggests that
a similar form of warping in the directional mapping will arise in a variety
of neural network models in which the amount of learning is scaled by the
size of the spatial movement. Given that the learning of directional map-
pings has been hypothesized to occur in brain regions such as the cerebel-
lum (e.g., Pellionisz, and Llinás, 1985), this in turn suggests that this kind
of warping may contribute to the curvature seen in human reaches.
Figure 5 compares the movement paths produced by Subject 1 in the study
of Morasso (1981) with the paths produced by the simple computational
model of Equation 3 when the manipulability ellipsoid was calculated
using the arm segment lengths of the same subject. The direction and
amount of curvature in the model’s paths are largely, but not entirely, con-
sistent with the experimental results. It is expected, however, that many dif-
ferent factors contribute to the curvature seen in human reaches, potentially
including perceptual distortion (Wolpert, Ghahramani, and Jordan, 1994)
and a tendency toward more comfortable postures as described in
Section 5.

One desirable consequence of this learning bias concerns singularities
in the workspace, where geometric limitations of the manipulator make
some spatial movement directions impossible. Producing a desired spatial
velocity when moving toward a singularity generally requires higher and
higher joint velocities, a well-known problem of pseudoinverse techniques
(e.g., Baillieul, Hollerbach, and Brockett, 1984). When approaching a sin-
gularity, the manipulability ellipsoid “flattens” as some movement direc-
tions become impossible; for example, a 2D ellipsoid as shown in Figure 3
collapses into a line segment as the short axis shrinks toward the origin. In
systems where learning is biased toward the long axis of the ellipsoid, the
problem of extremely high joint velocities is somewhat alleviated because
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mapping that is an approximation to the Jacobian pseudoinverse at each
joint configuration, and the approximate Jacobian pseudoinverse learned

for one movement direction can be
Consider the task of reaching from
task is to be learned by repeate
attempt, the model will most likely
movement will drive learning in the
movement directions. Subsequen
accurate as the approximate Jac
words, the model will learn the ta
perform it; this is goal-directed lea
lize random movements during tra
workspace, direct inverse models
this chapter can thus also use a go

The second potential shortcom
redundant systems. Jordan and Ru
inverse learning techniques learn
solutions for a given task space
invalid solution if the solution spa
solutions is only guaranteed to be
The solution space of joint config
position is non-convex, and the co
successful reaching of targets in d
mappings. However, this is not a s
models that learn directional map
models. This is verified by simula
cessfully performing reaches usin
and Guenther, 1993; Guenther, 1
reaching acoustic targets using a
ther, 1994, 1995a,b). Consideratio
pings help clarify why this is the
locally linear, even for redundant s
siders a small region of joint spac
produce a desired spatial velocity
tively learn different directional m
space can largely, if not complete
radial basis network described in S
different regions of workspace (c

Figure 5: (Top) Movement paths reported for Subject 1 in the study of
Morasso (1981) [adapted from Morasso, 1981]. (Bottom) Movement
paths produced by the simple computational model of Equation 3 using
the arm segment lengths for Subject 1 to calculate the manipulability
ellipsoid (shown for each target location).



ughly as the cosine of the difference
and the cell’s preferred direction (e.g.,
a et al., 1989). The mathematical analy-

that cells relating to movement direc-
ells coding muscle shortening velocities)
ed tuning curves when analyzed with
movement. This property is evident in

g., Burnod et al, 1992; Bullock, Gross-
llustrated for cells in the DIRECT model
curves are not built into the model cells

rning the mapping between spatial direc-
l similarities between the effector direc-
al cells include the observations that a
ally change for different starting posi-
miniti et al., 1990) and for different joint
the same 3-D spatial position (Scott and
ty is not present in the model of Burnod
rves of cells in this model depend on spa-
n joint configuration.)
that the gross aspects of motor cortical
ctional tuning curves, appear to be com-
ment control hypotheses (Mussa Ivaldi,
e detailed breakdown of cell properties,
pendency, tonic activity as a function of
activity during a reach (e.g., Kalaska,

989), must be taken into consideration in
ure of the role of motor cortex in move-
, and Grossberg (1995) for a modeling

for many of the subclasses of cortical
lated to DIRECT.
functions) and smoothly interpolates between these parameter sets. Sec-
ond, systems that use directional mappings can successfully reach targets
even if the directional mapping contains a large amount of error (discussed
in Section 3.1). Therefore, any residual error that might exist, e.g. from
assuming linearity over too large a region of joint space, will not prevent
the system from reaching targets, but will instead only lead to curvature in
the movement trajectories. If this residual error is related to the manipula-
bility ellipsoid as described above, the resulting slight curvature might
have useful side effects such as better performance near singularities and
reduced total joint rotation. It should be noted, however, that even though
direct inverse models are apparently sufficient for learning directional
mappings in redundant systems, the forward modeling learning scheme
described in Jordan and Rumelhart (1992) could also be used to learn
directional mappings and might still offer advantages over direct inverse
techniques.

A final note concerns the use of the word “convex” to describe different
aspects of movement control models. Guenther (1995a) describes how a
convex region theoryfor the targets of speech provides a simple, unifying
explanation for many long-studied speech production phenomena, includ-
ing contextual variability, carryover coarticulation, anticipatory coarticula-
tion, and a collection of speaking rate effects. It is important to note,
however, that the speech sound targets learned by the model are convex in
taskspace, not effector space. These convex region targets are generaliza-
tions of the traditional point targets assumed by the vast majority of models
of reaching and speaking, and the model isnot limited to convex solution
regions in effector space. For example, Guenther (1995b) describes how
the model successfully handles a case where the convex task space target
region maps into disconnected regions in effector space.

3.3     Motor cortical cells

Another point of interest regarding directional mappings is their compati-
bility with a number of neurophysiological studies investigating functional
properties of single cells in motor cortex. The most salient aspect of these
studies is that a typical motor cortical cell involved in reaching has a pre-
ferred direction of movement which will cause the cell to fire maximally,

and the cell’s activity will fall off ro
between the movement direction
Georgopoulos et al., 1982; Kalask
sis of Mussa-Ivaldi (1988) showed
tion in muscle length space (i.e., c
will necessarily have cosine-shap
respect to the spatial direction of
recent neural network models (e.
berg, and Guenther, 1993) and is i
in Figure 6. Cosine-shaped tuning
but instead arise as a result of lea
tions and joint rotations. Additiona
tion vector cells and motor cortic
cell’s preferred direction will typic
tions of the hand in 3-D space (Ca
configurations when the hand is in
Kalaska, 1995). (The latter proper
et al., 1992, because the tuning cu
tial position of the hand rather tha

It is important to note, however,
cell firing preferences, such as dire
patible with a large range of move
1988; Sanger, 1994). A much mor
including aspects such as force de
position, and temporal pattern of
Cohen, Hyde, and Prud’homme, 1
order to gain a more insightful pict
ment control. See Bullock, Cisek
study that proposes distinct roles
cells in a neural network model re



ulos, 1993). The Rosenbaum et al. model
using linear interpolation in joint space
chosen posture. This model is contra-

showing smoothly interpolated trajecto-
ace (e.g., Morasso, 1981), but the more

otor system uses postural targets in some

have investigated this issue, with mixed
ents with the elbow fully extended indi-

is relatively invariant for a given target
1992; Miller, Theeuwen, and Gielen,
n a planar surface, Cruse, Brüwer, and
l postures “were virtually independent of

pointing movement” (p. 131), and for
t, Desmurget et al (1995) similarly report
hly predictable” (p. 905).
imposed constraints on the arm that

available during free reaches. Subjects in
d to orient the hand so as to grasp an
the same initial arm configuration. The

(1992) studies effectively removed the
iring full extension of the arm, and the
l. (1993) were constrained to a plane. In
al reaching task, Soechting, Buneo, Her-

ted that the final postures of reaches to a
rting configuration of the arm. Further-
t although the final postures for planar
h as was possible given the geometry of
ificant effect of the initial posture on the
er (1987) reported that choosing starting
s increased the variability of final pos-

gh the motor system uses a far smaller
ssible given the redundancy of the arm,

seen, particularly when starting from
thermore, reaches can be successfully
4    Is postural target information necessary or
desirable?

Another important issue in biological motor control concerns whether the
motor control system utilizes postural targets in planning movements. For
example, Rosenbaum and colleagues have posited that the motor control
system performs a reach to a target by first choosing an appropriate posture
for that target using a set of postures stored in memory (Rosenbaum,

Engelbrecht, Bushe, and Loukopo
then forms a movement trajectory
from the initial configuration to the
dicted by psychophysical studies
ries in task space but not in joint sp
general question of whether the m
manner remains open.

Several psychophysical studies
results. Studies of pointing movem
cate that the final posture of the arm
position (Hore, Watts, and Vilis,
1992). For pointing movements o
Dean (1993) reported that the fina
the configuration at the start of the
reaches to grasp an oriented objec
that “the final limb angles were hig

However, all of these studies
removed some of the redundancy
the Desmurget et al. were require
object, and all reaches started from
Hore et al. (1992) and Miller et al.
elbow degree of freedom by requ
experiments reported in Cruse et a
a less constrained three-dimension
rmann, and Flanders (1995) repor
given target depended on the sta
more, Cruse (1986) reported tha
reaches did not vary nearly as muc
the arm, there was a small but sign
final posture, and Cruse and Brüw
postures with extreme joint angle
tures.

It therefore appears that althou
range of final postures than is po
some variability in final posture is
very different initial postures. Fur

Figure 6: Comparison of average directional tuning curves obtained from
single cell studies in motor cortex by Kalaska et al. (1989) (broken line) to
tuning curves of cells in the motor direction vector of the DIRECT model
(solid line) [adapted from Bullock, Grossberg, and Guenther (1993)].
Model firing rates are in arbitrary units and have been scaled along the y
axis to cover the same range as the Kalaska et al. data. After learning the
directional mapping, the model’s cells display many of the properties seen
in motor cortex cells.



hereas under unconstrained conditions
oinverse will lead to the same final pos-

of starting posture, blocking a joint will
rent final posture, often requiring an
her joint or joints. This is schematized
uncomfortable but necessary final pos-
gure 7 is indeed desirable, and it high-
is type of controller over controllers that

the target of a movement: although a
nd Hogan pseudoinverse will normally
ven target position regardless of starting
erty of automatic compensation for con-
reaching the normal configuration (see

, arises when the constraint is removed.
comfortable postures, systems using the
inverse proposed by Mussa-Ivaldi and

able wrist angle for all future reaches to
of the workspace. For the Mussa-Ivaldi

, the implicit mapping from target posi-
en changed for all points in the work-

d by biological motor systems: on the
explicit postural targets as this removes
sate for constraints on the effector sys-
eed to avoid the problem of extreme or

that can occur with most pseudoin-

s in a different pseudoinverse-style
in a particular posture, for each desired
set of joint rotation vectors that will all

on. If a controller utilizes a joint rotation
s the arm in the direction of a more com-
enter of the joint ranges), the system will
ortable joint configurations. Since spatial
into joint rotations, the system will main-
lities of pseudoinverse-style controllers.
completed even when constraints on the joints cause unusual final postures.
For example, Cruse, Brüwer, and Dean (1993) reported that applying a
force that opposes elbow flexion causes subjects to reach different final
postures. The ability to perform kinematically normal targeted reaches
using pointers that change the effective length of the forearm (e.g., Lac-
quaniti, Soechting, and Terzuolo, 1982) also speaks against the use of fixed
postural targets since a completely different final posture is required to
reach the same spatial position for each different forearm length.

In contrast to models like that of Rosenbaum et al., pseudoinverse-style
controllers do not generally associate a particular posture with each target
in planning coordinates. In fact, Klein and Huang (1983) discuss how this
leads to a well-known potential drawback of pseudoinverse techniques. In
a typical pseudoinverse-style controller, repeated tracing of a closed shape
such as a square by the end effector can lead the effector system to “curl
up” into unusual configurations, potentially reaching physical limits of the
effector system. Klein and Huang (1983) show that the MP pseudoinverse
has this problem, which is related to the non-integrability of a differential
equation related to the pseudoinverse.

Mussa-Ivaldi and Hogan (1991) describe a different generalized inverse
of the Jacobian matrix which is integrable and therefore avoids this prob-
lem. If no obstacles or joint constraints act on the effector system, this
approach has the effect of assigning a joint configuration to each spatial
position of the end effector (given the initial configuration of the system),
even though no target configuration needs to be explicitly represented in
the planning process. This raises an important point concerning the need
for postural target information: a lack of postural targets in the movement
planning process does not necessarily imply that the motor control system
will not produce final postures that appear stereotypical for a given target.
For example, if no joint constraints or obstacles are present, a controller
using the generalized inverse of Mussa-Ivaldi and Hogan (1991) will
always reach the same joint configuration for a given spatial target posi-
tion.

Unfortunately, the same property that allows the Mussa-Ivaldi and
Hogan pseudoinverse to overcome the problem of curling up into unusual
configurations during repeated tracing movements leads to a different
problem in a world where joint constraints or obstacles often make unusual

joint configurations necessary. W
the Mussa-Ivaldi and Hogan pseud
ture for a given target regardless
cause the system to use a diffe
“uncomfortable” angle for some ot
in Figure 7. The ability to use the
ture shown on the right side of Fi
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Because they do not correct for un
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Hogan will maintain the uncomfort
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and Hogan (1991) pseudoinverse
tions to joint configurations has be
space.
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tem, but on the other hand they n
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verse-style control techniques.
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approach. Given a redundant arm
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movement directions are mapped
tain the motor equivalence capabi
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Furthermore, such a system avoids the problem of indefinitely maintaining
an uncomfortable posture that may have been forced by temporary joint
constraints or obstacles since it will try to move toward a more comfortable
posture with every movement. Such a solution will not generally utilize an
integrable pseudoinverse and can therefore end up in different postures
depending on starting position, but this property is a necessary one to avoid
the problem of maintaining uncomfortable configurations forced by tempo-
rary joint constraints or obstacles. The potential ill effects of non-integra-
bility pointed out by Klein and Huang (1983) and Mussa-Ivaldi and Hogan
(1991) are also avoided due to the tendency toward comfortable postures:

when repeatedly tracing a closed
comfortable postures for each poi
toward comfortable postures will a
the controller will use, in keeping w
above.

Pseudoinverse-style control sc
we will refer to aspostural relaxatio
in the robotics literature (e.g., Klei
typical approach is to calculate jo
equation:

where is a joint rotation vector
end effector. A typical choice fo
pseudoinverse. If we choose s
more comfortable configuration, th
ties. This can be done by choosing

where is a constant scaling pa
function that we seek to minim
matrix has the effect o
nullspace of J, thus assuring that
effector. If we choose so that it d
the controller will have the desired
tions that tend toward more comfo
choice is

where is the center of the ith join
maximal comfort), is the extent
ing parameter. This function can
amount of energy needed to ma

Constraint
on elbow

Target Target

Figure 7: Potential problem for pseudoinverse-style controllers. The left
side schematizes the normal configuration used by a three-joint arm to
reach a target. The right side shows what happens if a constraint is placed
on the elbow. Here, the pseudoinverse controller will successfully reach
the target, using an “uncomfortable” wrist configuration forced by the
constraint. The problem arises when the constraint is removed: because
they do not correct for uncomfortable postures, systems using only the
Moore-Penrose (MP) pseudoinverse or the pseudoinverse proposed by
Mussa-Ivaldi and Hogan (1991) will maintain the uncomfortable wrist
angle for all future reaches to this target and to much of the rest of the
workspace.
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onship between task space and effector
a Jacobian matrix (e.g., the relationship
articulator positions in the speech pro-
re, and Schwartz, 1991, and Guenther,
s from the approach described in

produce slightly curved trajectories.
Cruse et al. model in that curvature

ns due to biases in the learning process
tween a local straight-line planning pro-
s that attempts to move the arm to a pos-

erse-style controller with

lizing the network described in the fol-
nal mapping in Figure 1 was trained to
then tested to demonstrate some of the
l relaxation control scheme. A three-joint
range of -160 to 90 (with respect to
e range of 0 to 180 , and a wrist angle
d for the simulations; elbow and wrist
 to the alignment with the previous link.

ovement direction vector to the joint
odel according to the following equa-
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the vector are the outputs of hyper-
) networks with adaptive centers (see
i, 1989; Stokbro, Umberger, and Hertz,
g to the following equations:
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penalizing postures for which one or more joints are near their mechanical
limits, therefore promoting a more “natural” configuration of the arm.
Alternatively, cost functions can be introduced to quantify other aspects of
postural fitness. For example, one can consider the manipulability
(Yoshikawa, 1985) associated with a given joint configuration. A desirable
posture, in this case, might be one where the manipulability ellipsoid is
nearly circular, indicating that the amount of joint rotation required to
move a fixed distance is roughly equal for all movement directions. The
stiffness ellipsoid (e.g., Mussa-Ivaldi, Hogan, and Bizzi, 1985; Flash and
Mussa-Ivaldi, 1990) might also be used in this manner.

A related approach to movement planning has been discussed in the
motor control literature by Cruse and colleagues (e.g., Cruse, 1986; Cruse
and Brüwer, 1987; Cruse, Brüwer, and Dean, 1993). Cruse (1986) initially
proposed that the final postures of reaching movements might be chosen so
as to minimize a cost function similar to the cost function of Equation 6. In
this form, Cruse’s model is closely related to the model of Rosenbaum and
colleagues described above. The model was modified in Cruse and Brüwer
(1987) and Cruse, Brüwer, and Dean (1993). In the later formulations, this
“minimum cost principle” was first combined with joint rotations calcu-
lated using the MP pseudoinverse. This component of the model produces
straight-line trajectories; to explain curved movement paths, the model also
included a competing “end-point control” process which by itself would
produce a trajectory by linearly interpolating between initial configuration
and a final posture of the arm in joint space. The net effect of combining
the purely local pseudoinverse and minimum cost strategies with the global
end-point control process is a moderately curved trajectory whose curva-
ture represents a compromise between a straight-line trajectory and a
highly curved trajectory formed through joint space interpolation.

The next section describes an implementation of postural relaxation in
the DIRECT model that is closely related to both the robotics approach
described in Equations 4-6 and the Cruse et al. (1993) model. The current
model differs from these approaches in that model parameters are learned
during an action-perception cycle instead of relying on explicit knowledge
of the manipulator geometry in the form of the Jacobian matrix. This is an
important property not only for biological controllers that presumably do
not have explicit knowledge of the Jacobian, but also for artificial control-

lers when the mathematical relati
space is not known in the form of
between formant frequencies and
duction models of Bailly, Laboissiè
1995b). The model also differ
Equations 4-6 in that it tends to
Finally, the model differs from the
arises from purely local computatio
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tural target.
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where and are parameters, and are parameter vectors,
and  and  are vectors whose components are:

(10)

where , , , and are parameters corresponding to the mean
and variance of basis functionk along dimensionl. The basis functions

,  are Gaussian:

(11)

The parameters , , , , , , , and are
learned using gradient descent during the action-perception cycle used to
train the DIRECT model. The action-perception cycle is induced by instat-
ing random joint velocity vectors (where the subscript denotes a
babbled movement). For the parameters used to produce the , the cost
function that is minimized by gradient descent is:

(12)

where the form the joint rotation vector calculated from the RBF net-
work outputs according to Equation 7. The values form the approxi-
mate Jacobian pseudoinverse learned by the network. The parameters used

to produce the , which form the
work, are adjusted using the cost f

where , , and are defined
discussion of possible roles for
Equation 13 in motor learning.
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closed path. In this case, a sequ
between two targets were simulate
posture with an extreme wrist ang
results of this simulation are shown
shows the movements produced b
verse. This controller maintains t
movement sequence. A similar re
utilizing the pseudoinverse propos
The bottom panel shows the postu
ing the postural relaxation scheme
posture is maintained with the MP
“unfolds” with successive moveme
tures for both targets. A similar ten
gradually move toward more com
minimum cost principle such as Eq
wer (1987, p. 143), who stated tha

“...seems to approach angle va
mum cost principle only gradua
If there is enough time during t
the end of the movement corres
mum cost principle. In other ca
the end of the movement were
arm position and so revealed th
system.”

aij

gk
a θ( )

gl
a θ( )

l
∑
-------------------- wkij

a
zkij

a
ck

a⋅+( )
k
∑=

bi

gk
b θ( )

gl
b θ( )

l
∑
-------------------- wki

b
zki

b
ck

b⋅+( )
k
∑=

wkij
a

wki
b

zkij
a

zki
b

ck
a

ck
b

ckl
a θl µkl

a–

σkl
a

-----------------= ckl
b θl µkl

b–

σkl
b

-----------------=

µkl
a µkl

b σkl
a σkl

b

gk
a θ( ) gk

b θ( )

gk
a 1

2
--- ckl

a 2

l
∑– 

 exp= gk
b 1

2
--- ckl

b 2

i
∑– 

 exp=

wkij
a

wki
b

zkij
a

zki
b µkl

a µkl
b σkl

a σkl
b

θ̇B B
aij

H θ̇Bi θ̇i–( )
i

∑ 2
=

θi
˙

aij

bij

H θ̇Bi θi
˙–( )

i
∑ 2

+=

θi
c θi

r βi



s toward more “comfortable” postures
m). The second factor is the tendency to
s in the direction of the long axis of the
in Section 3.
in Figure 9, compares the final postures
se controller to those of the DIRECT
target from a number of different initial
tal results of Cruse (1986), the variabil-
by the postural relaxation controller is
produced by the MP pseudoinverse.
en in the trajectories formed by the

ral issues related to pseudoinverse-style
otor control. Consideration of the prob-
r externally imposed constraints on the
ements should be planned in task space
ate frames more closely related to the
t with experimental studies suggesting
ments and acoustic space planning of

tional mapping to transform desired task
ffector space movement directions leads
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ted to robotics techniques that use a

trix. Next, potential problems for pseudo-
s of biological movement control were
gest that the variability of final arm pos-
less than would be predicted by a pure
these data are often cited as evidence

re in reaching movements, it is shown
s that include a form of “postural relax-
rs that combine null-space motions with
gical motor control models of Cruse and
data without using explicit postural tar-
Another point of interest concerns the slight curvature of the movement
trajectories between the two targets for the DIRECT controller. One factor
contributing to this curvature is the cost function of Equation 13, which
leads to a balance between perfectly straight trajectories (due to the first

summation term) and movement
(due to the second summation ter
produce slightly curved movement
manipulability ellipsoid discussed 

The second simulation, shown
produced by an MP pseudoinver
model when reaching to the same
configurations. As in the experimen
ity of the final postures produced
much smaller than the variability
Again, significant curvature is se
DIRECT model.

6    Concluding Remarks

This chapter has addressed seve
controllers as models of human m
lem of automatic compensation fo
effector system suggests that mov
coordinates rather than in coordin
effector system. This is consisten
spatial planning of reaching move
speech movements. Using a direc
space movement directions into e
to the ability to automatically com
This kind of control is closely rela
pseudoinverse of the Jacobian ma
inverse-style controllers as model
addressed. Experimental data sug
ture for reaches is generally much
pseudoinverse controller. Although
for the explicit control of final postu
that pseudoinverse-style controller
ation” (related to robotics controlle
the pseudoinverse and to the biolo
colleagues) can account for these

Figure 8: Simulation of back-and-forth movements between two targets
starting from an awkward posture with an extreme wrist angle. The top
panel shows movements produced by a controller using the MP
pseudoinverse. The bottom panel shows movements produced by the
DIRECT model utilizing the adaptive postural relaxation scheme. Whereas
the awkward posture is maintained with the MP pseudoinverse, the
postural relaxation controller “unfolds” with successive movements,
converging toward a more comfortable posture for each target.
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